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Abstract
Let A be a separable C-algebra and B a stable C-algebra containing a strictly positive
element. We show that the group Ext1=2ðSA;BÞ of unitary equivalence classes of extensions
of SA by B; modulo the extensions which are asymptotically split, coincides with the group of
homotopy classes of such extensions. This is done by proving that the Connes–Higson
construction gives rise to an isomorphism between Ext1=2ðSA;BÞ and the E-theory group
EðA;BÞ of homotopy classes of asymptotic homomorphisms from S2A to B:
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
The fundamental homotopy functors on the category of separable C-algebras are
all based on extensions—either a priori or a posteriori. So also the E-theory of
Connes and Higson; in the words of the founders: ‘La E-theorie est ainsi le quotient
par homotopie de la the´orie des extensions’, cf. [CH]. The connection between the
asymptotic homomorphisms which feature explicitly in the deﬁnition of E-theory,
and C-extensions, appears as a fundamental construction which associates an
asymptotic homomorphism SA-B to a given extension of A by B:While it is easy to
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see that the homotopy class of the asymptotic homomorphism only depends on the
homotopy class of the extension it is not so easy to decide if the converse is also true;
if the extensions must be homotopic when the asymptotic homomorphisms which
they give rise to via the Connes–Higson construction are. A part of the main result in
the present paper asserts that this is the case when A is a suspension and B is stable.
Rather unexpectedly it turned out that the methods we developed for this were also
able to characterize E-theory as the quotient of all extensions of SA by B by an
algebraic relation which is very similar to the algebraic relation which has been
considered on the set of extensions since the way-breaking work of Brown et al.
[BDF]. Recall that in the BDF-approach two C-extensions are identiﬁed when
they become unitarily equivalent after addition by extensions which are split,
meaning that the quotient map admits a -homomorphism as a right-inverse. In the
algebraic relation, on the set of all C-extensions of SA by B; which we will show
gives rise to E-theory, two extensions are identiﬁed when they become unitarily
equivalent after addition by extensions which are asymptotically split, where we call
an extension
0-B-E-
p
A-0
asymptotically split when there is an asymptotic homomorphism p ¼
ðptÞtA½1;NÞ: A-E such that p 3 pt ¼ idA for all t: We emphasize that with this
relation all extensions of SA by B admit an inverse. In contrast, Kirchberg has
shown, [Ki], that the unitary equivalence classes of extensions of SA by K; modulo
the split extensions, do not form a group when A is the reduced group C-algebra of
a discrete non-amenable subgroup of a connected Lie-group. Since our results show
that the algebraic relation we have just described is the same as homotopy, our main
result can also be considered as a result on homotopy invariance and it is therefore
noteworthy that the proof is self-contained, and in particular does not depend on the
homotopy invariance results of Kasparov.
Since there is also an equivariant version of E-theory, [GHT], which is being used
in connection with the Baum–Connes conjecture, we formulate and prove our results
in the equivariant case. With the present technology this does not require much
additional work, but since some of the material which we shall build on does not
explicitly consider the equivariant setting, notably [DL,H-LT], there are a few places
where we leave the reader to check that the results from these sources can be adapted
to the equivariant case.
2. An alternative to the BDF extension group
Let G be a locally compact, s-compact group, and let A and B be separable G-
algebras, i.e. separable C-algebras with a pointwise norm-continuous action of G by
automorphisms. Assume also that B is weakly stable, i.e. that B is equivariantly
isomorphic to B#K where K denotes the compact operators of l2 with the trivial
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G-action. Let MðBÞ denote the multiplier algebra of B; QðBÞ ¼ MðBÞ=B the
corresponding corona algebra and qB : MðBÞ-QðBÞ the quotient map. Then G acts
by automorphisms on both MðBÞ and QðBÞ:1 It follows from [Th1] that we can
identify the set of equivariant -homomorphisms, HomGðA;QðBÞÞ; from A to QðBÞ
with the set of G-extensions of A by B: Two G-extensions j;c : A-QðBÞ are
unitarily equivalent when there is a unitary wAMðBÞ such that qBðwÞAQðBÞ is G-
invariant and Ad qBðwÞ 3 j ¼ c: Since B is weakly stable the set of unitary
equivalence classes of extensions of A by B form a semi-group; the addition is
obtained by choosing two G-invariant isometries V1;V2AMðBÞ such that V1V 1 þ
V2V

2 ¼ 1 and setting j"c ¼ qBðV1ÞjðÞqBðV1Þ þ qBðV2ÞcðÞqBðV2Þ: A G-exten-
sion j : A-QðBÞ will be called asymptotically split when there is an asymptotic
homomorphism p ¼ fptgtA½1;NÞ :A-MðBÞ such that qB 3 pt ¼ j for all t: All
asymptotic homomorphisms we consider in this paper will be assumed to be
equivariant in the sense that limt-N g  ptðaÞ  ptðg  aÞ ¼ 0 for all aAA and gAG:
As in [MT2] we say that a G-extension j : A-QðBÞ is semi-invertible when there is a
G-extension cAHomGðA;QðBÞÞ such that j"c :A-QðBÞ is asymptotically split.
Two semi-invertible extensions, j;c; are called stably unitary equivalent when they
become unitarily equivalent after addition by asymptotically split extensions, i.e.
when there is an asymptotically split extension l such that j"l is unitarily
equivalent to c"l: This is an equivalence relation on the subset of semi-invertible
extensions in HomGðA;QðBÞÞ and the corresponding equivalence classes form an
abelian group which we denote by Ext1=2ðA;BÞ: For any locally compact space X
we consider C0ðXÞ#A as a G-algebra with the trivial G-action on the tensor factor
C0ðXÞ: When X ¼ ð0; 1 we denote C0ð0; 1#A by coneðAÞ: Similarly, we set SA ¼
C0ð0; 1Þ#A:
Lemma 2.1. Let l : coneðAÞ-QðBÞ be a G-extension. It follows that there is an
asymptotic homomorphism p ¼ ðptÞtA½1;NÞ : coneðAÞ-M2ðMðBÞÞ such that
qM2ðBÞ 3 pt ¼
l
0
 
for all tA½1;NÞ:
Proof. The proof is based on an idea of Voiculescu, cf. [V].
Let m : coneðAÞ-MðBÞ be a continuous, self-adjoint and homogeneous lift
of l such that jjmðxÞjjp2jjxjj for all xAconeðAÞ: m exists by the Bartle–Graves
selection theorem, cf. [L]. Deﬁne js : coneðAÞ-coneðAÞ such that jsð f ÞðtÞ ¼
f ðð1 sÞtÞ; sA½0; 1: Choose continuous functions fi : ½1;NÞ-½0; 1; i ¼ 0; 1; 2;y;
such that
(1) f0ðtÞ ¼ 0 for all tA½1;NÞ;
(2) fnpfnþ1 for all n;
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(3) for each nAN; there is an mnAN such that fiðtÞ ¼ 1 for all iXmn; and all
tA½1; n þ 1;
(4) limt-N maxi j fiðtÞ  fiþ1ðtÞj ¼ 0:
Let F1DF2DF3D? be an increasing sequence of ﬁnite subsets with dense union in
coneðAÞ: Write G ¼ Sn Kn where K1DK2DK3D? are compact subsets of G: For
each n; choose mnAN as in (3). We may assume that mnþ1 > mn: By Lemma 1.4 of
[K] we can choose elements
X n0XX
n
1XX
n
2X?
in B such that 0pX ni p1 for all i and X ni ¼ 0 for iXmn; and
ð10Þ X ni X niþ1 ¼ X niþ1 for all i;
ð20Þ jjX ni b  bjjp1n for all i ¼ 0; 1; 2;y;mn  1; and all bASn;
ð30Þ jjX ni y  yX ni jjp1n for all i and all yALn;
ð40Þ jjg  X ni  X ni jjp1n; gAKn; for all i;
ð50Þ jjX ni ðg  mðaÞ  mðg  aÞÞ  ðg  mðaÞ  mðg  aÞÞjjp1n; gAKn; aAFn; for all i ¼
0; 1; 2;y;mn  1;
where Ln and Sn are the compact sets Ln ¼ fmðjsðaÞÞ: sA½0; 1; aAFng and
Sn ¼fmðjsðaÞÞ þ mðjsðbÞÞ  mðjsða þ bÞÞ: a; bAFn; sA½0; 1g
,fmðjsðabÞÞ  mðjsðaÞÞmðjsðbÞÞ: a; bAFn; sA½0; 1g:
Since we choose the X ’s recursively we can arrange that X nþ1i X
n
k ¼ X nk for all k and
all ipmnþ1: By connecting ﬁrst X n0 to X nþ10 via the straight line between them, then
X n1 to X
nþ1
1 via a straight line, then X
n
2 to X
nþ1
2 etc., we obtain norm-continuous
pathes, X ðt; iÞ; tA½n; n þ 1; i ¼ 0; 1; 2; 3;y; in B such Xðn; iÞ ¼ X ni ; X ðn þ 1; iÞ ¼
X nþ1i for all i and
(a) X ðt; iÞX ðt; i þ 1Þ ¼ X ðt; i þ 1Þ; tA½n; n þ 1; for all i;
(b) jjXðt; iÞb  bjjp1
n
for all i ¼ 0; 1; 2;y;mn  1; tA½n; n þ 1 and all bASn;
(c) jjXðt; iÞy  yXðt; iÞjjp1
n
for all i; all tA½n; n þ 1 and all yALn;
(d) jjg  X ðt; iÞ  X ðt; iÞjjp1
n
; gAKn; tA½n; n þ 1; for all i;
(e) jjXðt; iÞðg  mðaÞ  mðg  aÞÞ  ðg  mðaÞ  mðg  aÞÞjjp1
n
; gAKn; aAFn; tA½n; n þ 1;
for all i ¼ 0; 1;y;mn  1:
In addition, X ðt; iÞ ¼ 0; iXmnþ1; tA½n; n þ 1: Let l2ðBÞ denote the Hilbert B-
module of sequences ðb1; b2; b3;yÞ in B such that
PN
i¼1 b

i bi converges in norm.
Writing an element ðb1; b2; b3;yÞAl2ðBÞ as the sum
PN
i¼0 biei we deﬁne a
representation V of G on l2ðBÞ such that Vgð
PN
i¼0 bieiÞ ¼
PN
i¼0 ðg  biÞei: Then G
acts by automorphisms on Lðl2ðBÞÞ (¼ the adjoinable operators on l2ðBÞ) such that
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g  m ¼ VgmVg1 : Set
Tt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 Xðt; 0Þp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX ðt; 0Þ  Xðt; 1Þp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXðt; 1Þ  X ðt; 2Þp y
0 0 0 y
0 0 0 y
^ ^ ^ &
0BBB@
1CCCAALðl2ðBÞÞ:
Then Pt ¼ Tt Tt is a projection in Lðl2ðBÞÞ since TtTt clearly is. Note that Pt is tri-
diagonal because of condition (a) above, and that the entries of Pt are all in B; with
the notable exception of the 1 1-entry which is equal to 1 modulo B: We deﬁne
dt : coneðAÞ-Lðl2ðBÞÞ by
dtðaÞ
XN
i¼0
biei
 !
¼
XN
i¼0
mðjfiðtÞðaÞÞbiei:
Set ptðaÞ ¼ PtdtðaÞPt for aAconeðAÞ and tA½1;NÞ: We assert that p ¼ ðptÞtA½1;NÞ is
an asymptotic homomorphism. By using the continuity of m and that
fjsðaÞ : sA½0; 1g is a compact set for ﬁxed a; it follows readily that the family of
maps a/ptðaÞ; tA½1;NÞ; is an equicontinuous family. Since each pt is self-adjoint
and homogeneous, it sufﬁces therefore to take an n and elements a; bAFn; gAKn; and
check that
lim
t-N
PtdtðaÞPtdtðbÞPt  PtdtðabÞPt ¼ 0;
lim
t-N
Ptdtða þ bÞPt  PtdtðaÞPt  PtdtðbÞPt ¼ 0
and
lim
t-N
Ptdtðg  aÞPt  g  ðPtdtðaÞPtÞ ¼ 0:
The ﬁrst two limits are zero by (4), (b) and (c), the third by (d) and (e). For each a; t;
PtdtðaÞPt ¼ diagðmðaÞ; 0; 0;yÞ modulo Kðl2ðBÞÞ (=the ideal of ‘compact’ operators
on l2ðBÞ). Since B is weakly stable there is an equivariant isomorphism l2ðBÞCB"B
of Hilbert B-modules which leaves the ﬁrst coordinate invariant. We can therefore
transfer p to an asymptotic homomorphism p ¼ ðptÞtA½1;NÞ : coneðAÞ-LðB"BÞ ¼
M2ðMðBÞÞ with the stated property. &
Two G-extensions j;cAHomGðA;QðBÞÞ are strongly homotopic when there is a
path UtAHomGðA;QðBÞÞ; tA½0; 1; such that U0 ¼ j;U1 ¼ c and t/UtðaÞ is
continuous for all aAA:
Theorem 2.2. Let j :A-QðBÞ be a G-extension which is strongly homotopic to
0 in HomGðA;QðBÞÞ: It follows that there is an asymptotic homomorphism
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p ¼ ðptÞtA½1;NÞ : A-M2ðMðBÞÞ such that
qM2ðBÞ 3 pt ¼
j
0
 
for all tA½1;NÞ:
Proof. Since j is strongly homotopic to 0 there is an equivariant -homomorphism
m : A-coneðDÞ; where DDQðBÞ is a separable G-algebra containing jðAÞ; and an
equivariant -homomorphism l : coneðDÞ-QðBÞ such that j ¼ l 3 m: Apply
Lemma 2.1 to l: &
Corollary 2.3. Every G-extension j : SA-QðBÞ is semi-invertible.
Proof. Let aAAut SA be the automorphism of SA given by að f ÞðtÞ ¼ f ð1 tÞ: It is
well known that j"ðj 3 aÞ is strongly homotopic to 0. Hence j"ðj 3 aÞ"0 is
asymptotically split by Theorem 2.2. &
At this point we are very tempted to drop the superscript in Ext1=2ðSA;BÞ since
Corollary 2.3 tells us that all extensions of SA by B is semi-invertible. However, we
follow the referees advice and keep the 1=2 to avoid confusion with more
customary uses of Ext:
Lemma 2.4. Let j;c : SA-QðBÞ be two G-extensions which are strongly homotopic.
It follows that j and c are stably unitarily equivalent.
Proof. It follows from Theorem 2.2 that l1 ¼ ðj 3 aÞ"j"0 and l2 ¼
ðj 3 aÞ"c"0 are both asymptotically split. Since c"l1 and j"l2 are unitarily
equivalent, the conclusion follows because inﬁnite direct sums are well deﬁned for
asymptotically split extensions. &
Set IB ¼ C½0; 1#B and let et : IB-B denote evaluation at tA½0; 1 and note that
et deﬁnes a equivariant -homomorphisms MðIBÞ-MðBÞ and QðIBÞ-QðBÞ which
we again denote by et: Two G-extensions j;cAHomGðA;QðBÞÞ are homotopic when
there is a G-extension UAHomGðA;QðIBÞÞ such that e0 3U ¼ j and e1 3U ¼ c: As
in [MT2] we denote the set of homotopy classes of G-extensions by ExtðA;BÞh: In
general this is merely an abelian semigroup, but ExtðSA;BÞh is a group.
The Connes–Higson construction associates to any G-extension
jAHomGðA;QðBÞÞ an asymptotic homomorphism CHðjÞ : SA-B in the following
way, cf. [CH], [GHT]: By Lemma 1.4 of [K] or Lemma 5.3 of [GHT] there is a norm-
continuous path futgtA½1;NÞ of elements in B such that 0putp1 for all t;
limt-N jjutb  bjj ¼ 0 for all bAB; limt-N jjutm  mutjj ¼ 0 for all mAq1B ðjðAÞÞ
and limt-N jjg  ut  utjj ¼ 0 for all gAG: From these data CHðjÞ is determined up
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to asymptotic equality as the equicontinuous2 asymptotic homomorphism
CHðjÞ : SA-B which satisﬁes that
lim
t-N
CHðjÞtð f#aÞ  f ðutÞx ¼ 0; xAq1B ðjðaÞÞ;
for all fAC0ð0; 1Þ and all aAA: Let ½½SA;B denote the abelian group of
homotopy classes of asymptotic homomorphisms, SA-B; cf. [CH,GHT]. The
Connes–Higson construction deﬁnes in the obvious way a semi-group homomorph-
ism CH : ExtðA;BÞh-½½SA;B: Since there is a canonical (semi-group) homo-
morphism Ext1=2ðA;BÞ-ExtðA;BÞh we may also consider the Connes–Higson
construction as a homomorphism CH : Ext1=2ðA;BÞ-½½SA;B: Notice that
Ext1=2ðSA;BÞ and ExtðSA;BÞh are both abelian groups and the canonical map
Ext1=2ðSA;BÞ-ExtðSA;BÞh is a surjective group homomorphism by Corollary 2.3.
In Corollary 5.4 below we show that it is an isomorphism.
3. On equivalence of asymptotic homomorphisms
Lemma 3.1. Let A and B be separable G-algebras, B weakly stable. Let j ¼
ðjtÞtA½1;NÞ : A-B be an asymptotic homomorphism which is homotopic to 0. It follows
that there is an asymptotic homomorphism c ¼ ðctÞtA½1;NÞ : A-B and a norm-
continuous path fWtgtA½1;NÞ of G-invariant unitaries in MðM2ðBÞÞ such that
lim
t-N
jtðaÞ
ctðaÞ
 
 Wt
0
ctðaÞ
 
W t ¼ 0
for all aAA:
Proof. Let U ¼ ðUtÞtA½1;NÞ : A-IB be an asymptotic homomorphism such that
e0 3UtðaÞ ¼ 0; e1 3UtðaÞ ¼ jtðaÞ for all tA½1;NÞ; aAA: We may assume that both j
and U are equicontinuous, cf. Proposition 2.4 of [Th2]. Let F1DF2DF3D? be a
sequence of ﬁnite subsets with dense union in A: For each n there is dn > 0 with the
property that
jjex 3UtðaÞ  ey 3UtðaÞjjo1
n
;
when jx  yjodn; tA½1; n þ 1; aAFn: Choose then a sequence of functions
fk : ½1;NÞ-½0; 1 such that f1ðtÞ ¼ 1; fkXfkþ1; j fkðtÞ  fkþ1ðtÞjodn; tA½n; n þ 1
for all k; n and such that fkj½1;n ¼ 0 for all but ﬁnitely many k’s for all n: Set lnt ðaÞ ¼
efnðtÞ 3UtðaÞ for all aAA; nAN; tA½1;NÞ:Note that jjlitðaÞ  liþ1t ðaÞjjo1n; aAFn; tXn;
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for all i and n: Then
mtðaÞ ¼ diagðjtðaÞ; l1t ðaÞ; l2t ðaÞ; l3t ðaÞ;yÞAKðl2ðBÞÞ
and
dtðaÞ ¼ diagð0; l1t ðaÞ; l2t ðaÞ; l3t ðaÞ;yÞAKðl2ðBÞÞ
deﬁne asymptotic homomorphisms m; d :A-Kðl2ðBÞÞ: By connecting appro-
priate permutation unitaries, acting on l2ðBÞ by permutations of B-coordinates,
we get a norm-continuous path of G-invariant unitaries fStgtA½1;NÞDLðl2ðBÞÞ
such that
StdtðaÞSt ¼ diagðl1t ðaÞ; l2t ðaÞ; l3t ðaÞ;yÞ
for all a; t: Then limt-NmtðaÞ  StdtðaÞSt ¼ 0 for all aAA: Since B is weakly stable
there is an isomorphism l2ðBÞ-B"B of Hilbert B;G-algebras which ﬁxes the ﬁrst
coordinate. Applying this isomorphism in the obvious way and remembering the
identiﬁcations KðB"BÞ ¼ M2ðBÞ and LðB"BÞ ¼ MðM2ðBÞÞ gives the result. &
Theorem 3.2. Let A and B be separable G-algebras, B weakly stable. Assume that
½½A;B is a group. Two asymptotic homomorphisms, j ¼ ðjtÞtA½1;NÞ; c ¼
ðctÞtA½1;NÞ : A-B; are homotopic if and only if there is an asymptotic homomorphism
l ¼ ðltÞtA½1;NÞ : A-B and a norm-continuous path fWtgtA½1;NÞ of G-invariant unitaries
in MðM2ðBÞÞ such that
lim
t-N
jtðaÞ
ltðaÞ
 
 Wt
ctðaÞ
ltðaÞ
 
W t ¼ 0
for all aAA:
Proof. The ‘if’ part is easy and the ‘only if’ part follows from Lemma 3.1 in the same
way as Lemma 2.4 follows from Theorem 2.2. &
Lemma 3.3. Let B be a weakly stable G-algebra and D0 a separable G-subalgebra of
Cbð½1;NÞ;BÞ: Let V1;V2;y;VNAMðBÞ be G-invariant isometries. There is then a
weakly stable separable G-subalgebra D of Cbð½1;NÞ;BÞ such that
ViD,V i D,D0DD for all i ¼ 1; 2;y;N:
Proof. Since B is weakly stable we can write B ¼ B#K with G acting trivially on the
tensor-factor K: We embed K into MðB#KÞ via x/1B#x: Let
f fngDCbð½1;NÞ;B#KÞ be a dense sequence in D0: For each nAN there is a
function gnACbð½1;NÞ;KÞ such that jjgnfn  fnjjo1n: Let E00 be the C-algebra
generated by fgngNn¼1: Then E00DCbð½1;NÞ;KÞDCbð½1;NÞ;Bþ#KÞ: Consider a
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positive element fAE00 and an e > 0: Set Uj ¼ j; j þ 2½-½1;N½; j ¼ 0; 1; 2;y : We
can then ﬁnd a sequence p0pp1pp2p? of projections in K such that
sup
xAUj
jjpj f ðxÞpj  f ðxÞjjoe:
Let fhjg be a partition of unity in Cb½1;NÞ subordinate to the cover fUjg and set
gðtÞ ¼PNj¼0 hjðtÞpj f ðtÞpj: Then gACbð½1;NÞ;KÞ; gX0; jjg  f jjoe: For each j we
choose a partial isometry vjAK such that vjvj ¼ pjþ2; vj vjpjþ2 ¼ 0 and vj vjvkvk ¼
0; koj: Set hðtÞ ¼PNj¼0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃhjðtÞp vj: Then hhg ¼ g and hhg ¼ 0: It follows that we can
ﬁnd a sequence E00 ¼ X1DX2DX3D? of separable C-subalgebras of
Cbð½1;NÞ;KÞ and for each n have a dense sequence f f1; f2;yg in the positive part
of Xn and elements fv1; v2;yg in Xnþ1 such that jj fk  vkvkjjo1k and vkvkvkvk ¼ 0 for
all k: It follows then from Proposition 2.2 and Theorem 2.1 of [HR] that E0 ¼
S
n Xn
is a separable stable C-subalgebra of Cbð½1;NÞ;KÞ such that E00DE0: Note that E0
contains a sequence frng with the property that limn-N rnx ¼ x for all xAD0 since
E00 does. Set W ¼ fV1;V2;y;VNg,fV1 ;V2 ;y;V Ng: By repeating the above
argument with D0 substituted by the G-algebra D1 generated by D0,WD0,E0D0;
we get a stable C-subalgebra E1DCbð½1;NÞ;KÞ which contains a sequence frng
such that limn-N rny ¼ y for all yAD1: It is clear from the construction that we can
arrange that E0DE1: We can therefore continue this procedure to obtain sequences
of separable G-algebras, D0DD1DD2DD3D? in Cbð½1;NÞ;B#KÞ; and
E0DE1DE2DE3D? in Cbð½1;NÞ;KÞDCbð½1;NÞ;Bþ#KÞ such that each En is
stable and contains a sequence frkg such that limk-N rkx ¼ x; xADn; and
Dn,WDn,EnDnDDnþ1 for all n: Set EN ¼
S
n En and D ¼
S
n Dn: It follows from
Corollary 4.1 of [HR] that EN is stable. By construction ViD,Vi DDD for all i and
ENDDD: The last property ensures that D is an ideal in the G-algebra E generated
by EN and D: There is therefore a -homomorphism l : EN-MðDÞ: By
construction an approximate unit for EN is also an approximate unit for D so l
extends to a -homomorphism l : MðENÞ-MðDÞ which is strictly continuous on
the unit ball of MðENÞ: Since EN is stable there is a sequence Pi; i ¼ 1; 2;y; of
orthogonal and Murray–von Neumann equivalent projections in MðENÞ which sum
to 1 in the strict topology. Then Qi ¼ lðPiÞ; i ¼ 1; 2;y; is a sequence of orthogonal
and Murray–von Neumann equivalent projections in MðDÞ which sum to 1 in the
strict topology. Since EN consists entirely of G-invariant elements it follows that all
the Qi’s are G-invariant. Consequently DCQ1DQ1#K as G-algebras, proving that
D is weakly stable. &
Two asymptotic homomorphisms j ¼ ðjtÞtA½1;NÞ;c ¼ ðctÞtA½1;NÞ :A-B will be
called equi-homotopic when there is a family Ul ¼ ðUlt ÞtA½1;NÞ : A-B; lA½0; 1; of
asymptotic homomorphisms such that the family of maps, ½0; 1{l/
Ult ðaÞ; tA½1;NÞ; is equicontinuous for each aAA:
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Theorem 3.4. Let A and B be separable G-algebras, B weakly stable. Let j ¼
ðjtÞtA½1;NÞ;c ¼ ðctÞtA½1;NÞ : SA-B be asymptotic homomorphisms. Then the follow-
ing are equivalent:
(1) j and c are homotopic (i.e. ½j ¼ ½c in ½½SA;B).
(2) j and c are equi-homotopic.
(3) There is an asymptotic homomorphism l ¼ ðltÞtA½1;NÞ : SA-B and a norm-
continuous path fWtgtA½1;NÞ of G-invariant unitaries in MðM2ðBÞÞ such that
lim
t-N
jtðaÞ
ltðaÞ
 
 Wt
ctðaÞ
ltðaÞ
 
W t ¼ 0
for all aAA:
Proof. The equivalence ð1Þ3ð3Þ follows from Theorem 3.2 and the implication
ð2Þ ) ð1Þ is trivial, so we need only prove that ð1Þ ) ð2Þ: To this end, let ½½SA;Be
denote the set of equi-homotopy classes of asymptotic homomorphisms SA-B:
Choose G-invariant isometries V1;V2AMðBÞ such that V1V 1 þ V2V2 ¼ 1 and deﬁne
an addition in ½½SA;Be by ½j þ ½c ¼ ½j"c; where
ðj"cÞtðÞ ¼ V1jtðÞV1 þ V2ctðÞV 2 :
It follows from Lemma 3.3 that ½½SA;Be is a group. To see this, let
%c : SA-Cbð½1;NÞ;BÞ=C0ð½1;NÞ;BÞ be the -homomorphism deﬁned from an
asymptotic homomorphism c ¼ fctgtA½1;NÞ; and let a be the automorphism of SA
which reverses the orientation in the suspension. It follows from Lemma 3.3 that
there is a weakly stable G-subalgebra DDCbð½1;NÞ;BÞ=C0ð½1;NÞ;BÞ such that
%j;j 3 a and j"j 3 a all take values in D and j"j 3 a ¼ %j"j 3 a in HomGðSA;DÞ:
The standard homotopy connecting %j"j 3 a to 0 in HomGðSA;DÞ gives us an
equi-homotopy connecting j" j 3 að Þ to 0. Hence ½½SA;Be is a group, as claimed.
It sufﬁces therefore to show that the natural map ½½SA;Be-½½SA;B has trivial
kernel. If j is an asymptotic homomorphism representing an element in the
kernel we conclude from Lemma 3.1 that there is a norm-continuous path
Wt; tA½1;NÞ; of G-invariant unitaries in M2ðMðBÞÞÞ and an asymptotic homo-
morphism c such that
lim
t-N
jtðaÞ
ctðaÞ
0
0
0BBB@
1CCCA Wt W t
  0
ctðaÞ
0
0
0BBB@
1CCCA W t Wt
 
¼ 0
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for all aASA: By a standard rotation argument we can remove the unitaries
Wt
W t
 
via an equi-homotopy and we see in this way that ½j þ ½c ¼ ½c in
½½SA;Be: Hence ½j ¼ 0 in ½½SA;Be: &
Simple examples show that the implications ð1Þ ) ð2Þ and ð1Þ ) ð3Þ of
Theorem 3.4 generally fail in ½½A;B:
4. Making genuine homomorphisms out of asymptotic ones
Let A and B be separable C-algebras. Set
MðBÞG ¼ fxAMðBÞ : G{g/g  x is norm-continuousg
and
QðBÞG ¼ fxAQðBÞ : G{g/g  x is norm-continuousg:
Then
0-B-MðBÞG-QðBÞG-0 ð4:1Þ
is a short exact sequence of G-algebras. (This is not trivial—the surjectivity of the
quotient map follows from Theorem 2.1 of [Th1].) We are going to construct a map
a : ½½SA;QðBÞG#K-ExtðSA;B#KÞh: The key to this is another variant of the
Voiculescu’s tri-diagonal projection trick from [V]. Let b be a strictly positive
element of B#K; 0pbp1: A unit sequence in B#K is a sequence fungNn¼0DB#K
such that
(0) there is a continuous function fn : ½0; 1-½0; 1 which is zero in a neighbourhood
of 0 and un ¼ fnðbÞ;
(1) 0punp1 for all n ¼ 0; 1; 2; 3;y;
(2) unþ1un ¼ un for all n;
(3) limn-N unx ¼ x; xAB#K;
(4) limn-N jjg  un  unjj ¼ 0; gAG:
Let feijgNi; j¼0 be the matrix units acting on l2ðB#KÞ in the standard way.
Lemma 4.1. Let U ¼ fung be a unit sequence in B#K: Then
ﬃﬃﬃﬃ
u0
p
e00 þ
XN
j¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uj  uj1p e0j
converges in the strict topology to a partial isometry V in Lðl2ðB#KÞÞ such that
VV  ¼ e00:
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Proof. Let b ¼ ðb0; b1; b2;yÞ ¼
PN
i¼0 bieiAl2ðB#KÞ: Then
Xm
j¼n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uj  uj1p e0jðbÞ




2
¼
Xm
k; j¼n
bk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uk  uk1p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p bj




¼
Xm
k¼n
bkðuk  uk1Þbk þ
Xm1
k¼n
bk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uk  uk1p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃukþ1  ukp bkþ1


þ
Xm1
k¼n
bkþ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ukþ1  ukp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuk  uk1p bk


p
Xm
k¼n
bkbk



þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXm1
k¼n b

kbk
  r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXm
k¼nþ1 b

kbk
  r ;
proving that
PN
j¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uj  uj1p e0jðbÞ converges in l2ðB#KÞ: And
Xm
j¼n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uj  uj1p e0j
 !
ðbÞ




2
¼
Xm
j¼n
b0ðuj  uj1Þb0



;
proving that also ðPNj¼1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p e0jÞðbÞ converges in l2ðB#KÞ: It follows that
V ¼ ﬃﬃﬃﬃu0p e00 þXN
j¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uj  uj1p e0j
exists as a strict limit in Lðl2ðB#KÞÞ: It it then straightforward to check that
VV  ¼ e00: &
Let PU ¼ VV and note that PU is tri-diagonal with respect to the matrix
units feijg: Consider an equicontinuous asymptotic homomorphism j ¼
ðjtÞtA½1;NÞ : A-QðBÞG#K: The surjective -homomorphism qB#idK : MðBÞG#
K-QðBÞG#K induces a surjective -homomorphism Cbð½1;NÞ;MðBÞG#
KÞ-Cbð½1;NÞ;QðBÞG#KÞ; and a continuous and homogeneous section for the
latter gives us an equi-continuous family of homogeneous maps #jt : A-MðBÞG#K
such that qB#idK 3 #jt ¼ jt for all tA½1;NÞ: Let F1DF2DF3D? be a sequence of
ﬁnite sets with dense union in A and K1DK2DK3D? a sequence of compact subsets
in G such that
S
n Kn ¼ G: It is easy to see that there is a unit sequence fung in B#K
with the following properties:
(5) jjun #jtðaÞ  #jtðaÞunjjp1n; aAFn; tA½1; n þ 1;
(6) jjð1 unÞð #jtðabÞ  #jtðaÞ #jtðbÞÞjjpjjjtðabÞ  jtðaÞjtðbÞjj þ 1n; tA½1; n þ
1; a; bAFn;
(7) jjð1 unÞð #jtða þ bÞ  #jtðaÞ  #jtðbÞÞjjpjjjtða þ bÞ  jtðaÞ  jtðbÞjj þ
1
n
; tA½1; n þ 1; a; bAFn;
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(8) jjð1 unÞðg  #jtðaÞ  #jtðg  aÞÞjjpjjg  jtðaÞ  jtðg  aÞjj þ
1
n
; tA½1; n; aAFn; gAKn:
Let f #jtngnAN be a discretization of #j; cf. Lemma 5.1 of [MT1], such that
(9) tnpn for all nAN:
Set
ejðaÞ ¼ PU XN
j¼0
#jtjþ1ðaÞejj
 !
PU:
Then ej : A-Lðl2ðB#KÞÞ is an equivariant -homomorphism modulo Kðl2ðB#KÞÞ:
By identifying Lðl2ðB#KÞÞ with MðB#KÞ; Kðl2ðB#KÞÞ with B#K and the
quotient Lðl2ðB#KÞÞ=Kðl2ðB#KÞÞ with QðB#KÞ; we can consider ej as a mapej : A-MðB#KÞ with the property that qB#K 3 ejAHomGðA;QðB#KÞÞ:
Lemma 4.2. The class of qB#K 3 ej in ExtðA;B#KÞh is independent of the choice of
unit sequence, subject to conditions (0)–(8), and of the chosen discretization, subject to
condition (9), and depends only on the class ½j of j in ½½A;QðBÞG#K:
Proof. Let fvng be another unit sequence satisfying (0)–(8). There is then a unit
sequence fwng in B#K such that wnvn ¼ vn;wnun ¼ un for all n: Connect u0 to w0 by
a straight line, then u1 to w1 by a straight line, etc. This gives a path fwtngtA½0;1½ of unit
sequences. For each tA½0; 1½ we get then a map mt : A-MðB#KÞ such that
qB#K 3 mtAHomGðA;QðB#KÞÞ and ½qB#K 3 m0 ¼ ½qB#K 3 ej in ExtðA;B#KÞ: Let
d : A-MðB#KÞ be the map obtained from j as ej was, but by using fwng instead of
fung: Then limt-1 mtðaÞ ¼ dðaÞ in the strict topology for all aAA; and
lim
t-1
mtðaÞmtðbÞ  mtðabÞ ¼ dðaÞdðbÞ  dðabÞ;
lim
t-1
mtða þ lbÞ  mtðaÞ  lmtðbÞ ¼ dða þ bÞ  dðaÞ  ldðbÞ;
lim
t-1
mtðaÞ  mtðaÞ ¼ dðaÞ  dðaÞ;
lim
t-1
mtðg  aÞ  g  mtðaÞ ¼ dðg  aÞ  g  dðaÞ;
in norm for all a; bAA; lAC; gAG: Hence ½qB#K 3 d ¼ ½qB#K 3 ej in ExtðA;B#KÞh:
The same argument with the unit sequence fung replaced by fvng shows that the class
of ½qB#K 3 ej in ExtðA;B#KÞh is independent of the choice of unit sequence. An
argument almost identical with the one used to prove Lemma 5.3 of [MT1] shows
that ½qB#K 3 ej is also independent of the chosen discretization of #j: Once this is
established it is clear that a homotopy of asymptotic homomorphisms
A-QðBÞG#K gives rise, by an appropriate choice of unit sequence, to a homotopy
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which shows that ½qB#K 3 ejAExtðA;B#KÞh only depends on the homotopy class
of j: &
It follows that we have the desired map a : ½½A;QðBÞG#K-ExtðA;B#KÞh
which is easily seen to be a semi-group homomorphism.
Lemma 4.3. Let j : SA-QðBÞ#K be an equivariant -homomorphism which we
consider as a (constant) asymptotic homomorphism, and let w : QðBÞ#K-MðBÞ#K
be a continuous and homogeneous section for qB#idK : MðBÞ#K-QðBÞ#K: Let X
be a compact subset with dense span in SA and choose a unit sequence U ¼ fung in
B#K such that
jj ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃun  un1p wðjðaÞÞ  wðjðaÞÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃun  un1p jjo2n ð4:2Þ
for all aAX and
XN
j¼1
jjg  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p jj2oN ð4:3Þ
for all gAG: Then ½qB#K 3 ej ¼ ½i 3 j in Ext1=2ðSA;B#KÞ; where i : QðBÞG#K-
QðB#KÞG is the natural embedding.
Proof. ej has the form ejðaÞ ¼ PUðPNj¼0 wðjðaÞÞejjÞPU: Let VALðl2ðB#KÞÞ be the
partial isometry deﬁning PU and note that g  V  VAKðl2ðB#KÞÞ for all gAG
because of (4.3). Thus
V 1 VV 
1 VV V 
 
is a unitary in M2ðLðl2ðB#KÞÞÞ which is G-invariant modulo M2ðKðl2ðB#KÞÞÞ and
satisﬁes that
V 1 VV 
1 VV V
  ej 0
0 0
 
V  1 V V
1 VV  V
 
¼ j0 0
0 0
 
;
where j0ðaÞ ¼ ð
ﬃﬃﬃﬃﬃ
u0
p
wðjðaÞÞ ﬃﬃﬃﬃﬃu0p þPNj¼1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p wðjðaÞÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p Þe00: Thanks to
(4.2) we have that
XN
j¼1
jj ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p wðjðaÞÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃuj  uj1p  ðuj  uj1ÞwðjðaÞÞjjoN
for all aAX : Since
PN
j¼1 ðuj  uj1ÞwðjðaÞÞ þ u0wðjðaÞÞ ¼ wðjðaÞÞ (with convergence
in the strict topology) we ﬁnd that j0ðaÞ ¼ wðjðaÞÞe00 modulo Kðl2ðB#KÞÞ for all
aAX ; and hence in fact for all aASA: This proves the lemma. &
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5. The main results
Since A is separable, ½½SA;X#K ¼ lim
-
D
½½SA;D#K for any G-algebra X ; when
we take the limit over all separable G-subalgebras D of X : It follows from [DL] that
the suspension map S : ½½SA;X#K-½½S2A;SX#K is an isomorphism.3 Hence
½½SA;#K is a homotopy invariant and half-exact functor on the category of G-
algebras (and not only separable G-algebras). There is therefore a map
@ : ½½SA;SQðBÞG#K-½½SA;B#K
arising as the boundary map coming from the extension (4.1), cf. e.g. [GHT]. Well-
known arguments from the K-theory of C-algebras, cf. [Bl], show that
½½SA;SMðBÞG#K ¼ ½½SA;MðBÞG#K ¼ 0; so the six-terms exact sequence
obtained by applying ½½SA;#K to (4.1) shows that @ is an isomorphism. For
any G-algebra D we let s : D-D#K be the stabilising -homomorphism given by
sðdÞ ¼ d#e for some minimal projection eAK: Since B is weakly stable there is an
equivariant -isomorphism g0 : B#K-B such that s 3 g0 : B#K-B#K is equiv-
ariantly homotopic to idB#K: Let g :QðB#KÞG-QðBÞG the -isomorphism induced
by g0:
Lemma 5.1. The composition of the maps
½½S2A;B#K-@
1
½½S2A;SQðBÞG#K
-
S1½½SA;QðBÞG#K-
a
ExtðSA;B#KÞh-
CH½½S2A;B#K
is the identity.
Proof. We are going to use Theorem 2.3 of [H-LT].4 Let x ¼ sð½idSBÞA
½½SB;SB#K; where ½idSBA½½SB;SB is the element represented by the identity
map of SB and s : SB-SB#K is the stabilising -homomorphism. By Theorem 2.3
of [H-LT] it sufﬁces to identify the image of x under the Bott-periodicity
isomorphism ½½SB;SB#KC½½S2B;B#K and show that the image of that element
is not changed under the map we are trying to prove is always the identity. This is
what we do. Under the isomorphism ½½SB;SB#KC½½S2B;B#K; coming from
Bott-periodicity, the image of x is represented by the asymptotic homomorphism
S2B-B#K arising by applying the Connes–Higson construction to the Toeplitz
extension tensored with B:
0-B#K-T0#B-SB-0: ð5:1Þ
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In other words, if j : SB-QðB#KÞ is the Busby invariant of (5.1) the image
of x in ½½S2B;B#K is ½CHðjÞ: For each separable G-subalgebra DDQðBÞG
we let iD :D-QðBÞG denote the inclusion. Then the boundary map
@ : ½½S2B;SQðBÞG#K-½½S2B;B#K is given by
@ðzÞ ¼ lim
D
½CHðiDÞ#idK  z;
where  denote the composition product in E-theory. Hence @1½CHðjÞ is the
element zA½½S2B;SQðBÞG#K with the property that
lim
D
½CHðiDÞ#idK  z ¼ ½CHðjÞ
for all large enough D: Let i :QðBÞG#K-QðB#KÞG be the natural embedding. By
the naturality of the Connes–Higson construction,
½CHðiDÞ#idK  Sð½s 3 g 3 jÞ ¼ ½CHði 3 s 3 g 3 jÞ
for all separable G-subalgebras DDQðBÞG which contains g 3 jðSBÞ: Since s 3 g0 is
equivariantly homotopic to the identity map, we have that
½CHði 3 s 3 g 3 jÞ ¼ ðs 3 g0Þ½CHðjÞ ¼ ½CHðjÞ;
so we conclude that @1½CHðjÞ ¼ Sð½s 3 g 3 jÞ: Hence a 3 S1 3 @1½CHðjÞ ¼
½i 3 s 3 g 3 j by Lemma 4.3. Thus the image of ½CHðjÞ in ½½S2B;B#K under the
composite map is CH½i 3 s 3 g 3 j ¼ ðs 3 g0Þ½CHðjÞ ¼ ½CHðjÞ: The proof is
complete. &
Lemma 5.2. Let lAExt1=2ðSA;B#KÞ: Then j ¼ s 3 g 3 l is an equivariant -
homomorphism j : SA-QðBÞG#K such that a½j ¼ s 3 g½l in ExtðSA;B#KÞh
and such that ½j ¼ 0 in ½½SA;QðBÞG#K implies that ½l ¼ 0 in Ext1=2ðSA;B#KÞ:
Proof. If ½j ¼ 0 in ½½SA;QðBÞG#K; there is a path mt; tA½0; 1; of asymptotic
homomorphisms SA-QðBÞG#K such that m0 ¼ j and m1 ¼ 0 and a unit sequence
U ¼ fung in B#K such that
qB#K 3 emt; tA½0; 1; ð5:2Þ
connects qB#K 3 ej to 0. By Theorem 3.4 we may assume that m is an equi-homotopy
and it is then easy to see that (5.2) is a strong homotopy. By Lemma 2.4 we conclude
from this that ½qB#K 3 ej ¼ 0 in Ext1=2ðSA;B#KÞ: But ½qB#K 3 ej ¼ ½j in
Ext1=2ðSA;B#KÞ by Lemma 4.3. Hence a½j ¼ s 3 g½l in ExtðSA;B#KÞh and
½j ¼ 0 ) s 3 g½l ¼ 0 in Ext1=2ðSA;B#KÞ: To complete the proof it sufﬁces to
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show that s 3 g : Ext
1=2ðSA;B#KÞ-Ext1=2ðSA;B#KÞ is injective. However, g
is an equivariant -isomorphism and therefore g is an isomorphism. The injectivity
of s : Ext1=2ðSA;BÞ-Ext1=2ðSA;B#KÞ follows from the weak stability of B:
There is a G-invariant isometry VAMðB#KÞ such that x/VsðxÞV is an
equivariant -automorphism B#K-B#K and sðxÞ ¼ Ad VðVsðxÞVÞ: Since
Ad V induces the identity map on Ext1=2ðSA;B#KÞ we see that
s : Ext1=2ðSA;BÞ-Ext1=2ðSA;B#KÞ is an isomorphism. &
Lemma 5.3. The map CH : Ext1=2ðSA;BÞ-½½S2A;B is injective.
Proof. Consider an extension lAExt1=2ðSA;B#KÞ and assume that ½CHðlÞ ¼ 0 in
½½S2A;B#K: With the notation from Lemma 5.2 we ﬁnd that CH 3 a½j ¼
CH½s 3 g 3 l ¼ s 3 g½CHðlÞ ¼ 0: But then Lemma 5.1 implies that ½j ¼ 0 in
½½SA;QðBÞG#K: By Lemma 5.2 this yields the conclusion that ½l ¼ 0 in
Ext1=2ðSA;B#KÞ: Thus CH : Ext1=2ðSA;B#KÞ-½½S2A;B#K is injective.
But B is weakly stable so the result follows. &
Corollary 5.4. Ext1=2ðSA;BÞ ¼ ExtðSA;BÞh:
The surjectivity of CH : Ext1=2ðSA;BÞ-½½S2A;B follows from Lemma 5.1.
Furthermore, it follows from Lemma 5.3 that a is well deﬁned as a map
a : ½½SA;QðBÞG#K-Ext1=2ðSA;B#KÞ and then Lemma 5.1 tells us that
CH1 ¼ a 3 S1 3 @1:
Another description of CH1 can be obtained from [MT2]. The crucial construction
for this is the map E which was considered in [MT1,MT2], inspired by [MM,MN].
However, in [MT1,MT2] we only deﬁned E as a map into homotopy classes of
extensions, so to see that the E-construction can also invert the CH-map of Lemma
5.3 we must show that it is well deﬁned as a map from homotopy classes of
asymptotic homomorphisms to stable unitary equivalence classes of extensions. Let
us therefore review the construction.
Given an equicontinuous asymptotic homomorphism j ¼ fjtgtA½1;NÞ :
A-B we choose a discretization fjtigiAN such that limi-N ti ¼N and
limi-N suptA½ti ;tiþ1 jjjtðaÞ  jtiðaÞjj ¼ 0 for all aAA: Since G is s-compact (and j
equicontinuous) we can also arrange that
lim
i-N
sup
tA½ti ;tiþ1
sup
gAK
jjg  jtðaÞ  jtðg  aÞjj ¼ 0
for all aAA and all compact subsets KDG: To deﬁne from such a discretization a
map U : A-Lðl2ðZÞ#BÞ we introduce the standard matrix units eij ; i; jAZ; which act
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on the Hilbert B-module l2ðZÞ#B in the obvious way. Then
UðaÞ ¼
X
iX1
jtiðaÞeii
deﬁnes a map U : A-Lðl2ðZÞ#BÞ: As in the proof of Lemma 2.1 we can deﬁne a
representation of G on l2ðZÞ#B and in this way obtain a representation of G as
automorphisms of Lðl2ðZÞ#BÞ: Since B is weakly stable we can identify B with
Kðl2ðZÞ#BÞÞ; the B-compact operators in Lðl2ðZÞ#BÞ: Observe that U is then an
equivariant -homomorphism modulo B: Furthermore, UðaÞ commutes modulo B
with the two-sided shift T ¼PjAZ ej; jþ1 which is G-invariant. So we get in this way a
G-extension EðjÞ : A-QðBÞ ¼ Lðl2ðZÞ#BÞ=Kðl2ðZÞ#BÞ such that
EðjÞð f#aÞ ¼ f ð
%
TÞUðaÞ
for all fACðTÞ; aAA: Here and in the following we denote by
%
S the image in QðBÞ ¼
Lðl2ðZÞ#BÞ=Kðl2ðZÞ#BÞ of an element SALðl2ðZÞ#BÞ:
Lemma 5.5. EðjÞ is a semi-invertible G-extension, and up to stable unitary equivalence
it does not depend on the chosen discretization of j:
Proof. Consider another discretization ðjsiÞiAN of j and deﬁne C : A-Lðl2ðZÞ#BÞ
by
CðaÞ ¼
X
ip0
jsiþ1ðaÞeii:
There is then a G-extension EðjÞ : CðTÞ#A-Lðl2ðZÞ#BÞ=Kðl2ðZÞ#BÞ such that
EðjÞð f#aÞ ¼ f ð
%
TÞCðaÞ: It sufﬁces to show that EðjÞ"EðjÞ is unitarily
equivalent to an asymptotically split G-extension. Deﬁne L : A-Lðl2ðZÞ#BÞ such
that
LðaÞ ¼
X
iX1
jtiðaÞeii þ
X
ip0
jsiþ1ðaÞeii:
There is then a G-extension p0 : CðTÞ#A-Lðl2ðZÞ#BÞ=Kðl2ðZÞ#BÞ such that
p0ð f#aÞ ¼ f ð
%
TÞLðaÞ: EðjÞ"EðjÞ is clearly unitarily equivalent (via a G-
invariant unitary) to p0"0; so it sufﬁces to show that p0 is asymptotically split.
For each n we deﬁne Ln : A-Lðl2ðZÞ#BÞ by
LnðaÞ ¼
X
i>n
jtiðaÞeii þ
X
1pipn
jtnðaÞeii
þ
X
fip0: siþ1ptng
jtnðaÞeii þ
X
fip0: siþ1>tng
jsiðaÞeii:
Then fLngnAN is a discrete asymptotic homomorphism such that limn-N jjLnðaÞ 
Lnþ1ðaÞjj ¼ 0; limn-N jjg  LnðaÞ  Lnðg  aÞjj ¼ 0; gAG; limn-N jjTLnðaÞ 
LnðaÞT jj ¼ 0 and LnðaÞ ¼ LðaÞ modulo Kðl2ðZÞ#BÞ: By convex interpolation and
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an obvious application of the C-algebra
f fACbð½1;NÞ;MðBÞÞ: qBð f ðtÞÞ ¼ qBð f ð1ÞÞ; tA½1;NÞg=C0ð½1;NÞ;BÞ
we get an asymptotic homomorphism ðptÞtA½1;NÞ :CðTÞ#A-MðBÞ ¼ Lðl2ðZÞ#BÞ
such that p0 ¼ qB 3 pt for all t: &
Theorem 3.4 and Lemma 5.5 in combination show that there is group
homomorphism E : ½½SA;B-Ext1=2ðCðTÞ#SA;BÞ such that E½j ¼ ½EðjÞ for
any equicontinuous asymptotic homomorphism j : SA-B: By pulling extensions
back along the inclusion S2ADCðTÞ#SA we can also consider E as a map
E : ½½SA;B-Ext1=2ðS2A;BÞ: Let w : SA-S3M2ðAÞ be a -homomorphism which
is invertible in KK-theory. By weak stability of B there is also an isomorphism
b : ½½S2A;B-½½S2M2ðAÞ;B: Let x : S2-K be the asymptotic homomorphism
which arises from the Connes–Higson construction applied to the Toeplitz extension.
By changing w ‘by a sign’ we may assume that the composite map
½½S2A;B-b ½½S2M2ðAÞ;B -½j/½x#j½½S4M2ðAÞ;B -ðSwÞ

½½S2A;B
is the identity. Consider the diagram
The square commutes by the naturality of the Connes–Higson construction, and it
follows from Lemma 2.3 of [MT2] (or Lemma 5.5 of [MT1]) that
ðSwÞ 3CH 3 E 3 b ¼ id: We conclude therefore that CH 3 w 3 E 3 b ¼ id: We have
now obtained our main results:
Theorem 5.6. Let A and B be separable G-algebras, B weakly stable. CH : Ext1=2
ðSA;BÞ-½½S2A;B is an isomorphism with inverse w 3 E 3 b:
It follows, of course, that the bifunctor Ext1=2ðSA;BÞ has the same pro-
perties as E-theory, such as excision and Bott periodicity in both variables, for
example.
Theorem 5.7. Let A and B be separable G-algebras, B weakly stable, and let
j;c : SA-QðBÞ be two G-extensions. The following conditions are equivalent:
(1) ½j ¼ ½c in Ext1=2ðSA;BÞ (i.e. j and c are stably unitarily equivalent).
(2) j"0 and c"0 are strongly homotopic.
(3) j and c are homotopic.
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Proof. ð1Þ ) ð2Þ: Assuming (1) there is an asymptotically split extension l such
that j"l and c"l are unitarily equivalent. By Lemma 6.1 of [Th1] this implies
that j"l"0 and c"l"0 are strongly homotopic. Then j"l"ðl 3 aÞ"0
and c"l"ðl 3 aÞ"0 are also strongly homotopic, where aAAut SA inverts
the orientation of the suspension. (2) follows by observing that l"ðl 3 aÞ is
strongly homotopic to 0. ð2Þ ) ð3Þ follows because an invariant isometry
in MðBÞ can be connected to 1 via a strictly continuous path of G-
invariant isometries, cf. e.g. Lemma 3.3(2) of [Th1]. ð3Þ ) ð1Þ follows from
Lemma 5.3. &
Remark 5.8. It is easy to extend Theorems 5.6 and 5.7 to the case where B is only s-
unital (i.e. contains a strictly positive element) and weakly stable. In fact, it sufﬁces
to observe that
Ext1=2ðSA;BÞC lim
-
D
Ext1=2ðSA;DÞ;
where we take the limit over all weakly stable separable G-subalgebras D of B with
the property that D contains a positive element which is strictly positive in B:
6. K-Homology
It follows from Theorems 5.6 and 5.7 that Ext1=2ðSA;BÞ ¼ ½½S2A;B can also be
identiﬁed with the homotopy classes of equivariant -homomorphisms
c : SA-QðBÞ with the property that c"0 is strongly homotopic to c: As a
consequence we conclude that
½½S2A;BC lim
-
n
½SA;QðBÞ#MnðCÞ;
where ½;  denotes homotopy classes of equivariant -homomorphisms. In the
important special case where B ¼ K; and the group G is trivial, we can even do
better. Let Q denote the Calkin algebra, Q ¼ Lðl2Þ=Kðl2Þ:
Lemma 6.1. Let j : SA-Q be a -homomorphism. There is then an isometry VALðl2Þ
with infinite dimensional co-kernel and a -homomorphism j0 : SA-Q such that j is
homotopic to Ad qKðVÞ 3 j0:
Proof. We may assume that j is not homotopic to 0. Let ii : SA-SA; i ¼ 1; 2; be -
homomorphisms with orthogonal ranges, both homotopic to the identity map. Then
j 3 i1 and j 3 i2 are homotopic to j; and in particular non-zero. Let a be a non-zero
positive element in the range of j 3 i2 and let bALðl2Þ be a positive lift of a: By
spectral theory bLðl2Þb contains a projection E with non-zero image in Q: Since
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ð1 qKðEÞÞx ¼ x for all xAj 3 i1ðSAÞ; we conclude that 1 qKðEÞ is non-zero in Q:
It follows that there is an isometry V with inﬁnite dimensional co-kernel such that
VV  ¼ 1 E: Set j0 ¼ Ad qKðV Þ 3 j 3 i1: &
Theorem 6.2. Let A be a separable C-algebra. Then EðA;CÞ is naturally isomorphic
to the group ½SA;Q of homotopy classes of -homomorphisms from SA to Q:
Proof. It follows from Lemma 6.1 that j is strongly homotopic to j"0 for any
-homomorphism j : SA-Q: By using that the unitary group of Lðl2Þ is norm-
connected, it follows from this and Theorem 5.7 that Ext1=2ðSA;KÞ is naturally
isomorphic to ½SA;Q: Since Ext1=2ðSA;KÞ is naturally isomorphic to EðA;CÞ by
Theorem 5.6, this completes the proof. &
A weak version of Theorem 6.2 was conjectured by Rosenberg in [R].
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